
SUMMARY

This paper deals with the problem of optimum detection of
radar signals by means of a multistatic configuration of sensors.

Starting from the case of multiple observations, a systematic
analysis of the model leads to a unified optimum receiver for
signals fluctuating according to Swerling I, II, III & IV models.
In these instances the receiver performances are evaluated by
adopting an original method.

Finally, possible suboptimum solutions are found, through
which considerable streamlining of processing structures can be
achieved.

1. Foreword

The present study fits the frame of research work on
multistatic radars. Such radars have recently received
renewed interest by virtue of their reduced vulnerability
to Antiradiation Missiles (ARM) and of their reduced
sensitivity to intentional interference. Furthermore,
multistatic radars also benefit of a greater efficiency
when dealing with RCS reduction technique, due to the
implicit integration of each RCS seen by each receiver.
The scope of this work is to determine optimum receiving
structures for target detection by means of centralized
processing of distinct radar observations coming from
local sensors.

In previous works / 1 , 2 / the authors have faced the
problem of implementing receivers assuming that the
data which the central computer uses for decision
making, would be made up of a collection of single
echoes, each one of which received by a different local
sensor. For this case, referred to as single observations at
each sensor, the most common signal models have been
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taken into consideration, namely:

— the completely known;
— known amplitude and random phase;
— Rayleigh amplitude and random phase;
—- one dominant plus Rayleigh amplitude and random

phase.

Also the similar problem for the case of "multiple
observations at each sensor" limited to the models of
signal fluctuating "from pulse-to-pulse" (Swerling II &
IV) /3 , 4, 5/ has been analyzed.

In the present work, such analysis is performed
systematically for all of the most common fluctuation
models relevant to multiple observations, including
among the others, also scan to scan fluctuations
(Swerling I & II). In particular, Section 2 defines the
functional model of the multistatic system, and sets the
general method for the likelihood ratio calculation,
based on a factoring procedure which applies when the
different paths are indipendent. Sections 3 & 4 deal with
the expressions of the likelihood ratio test for Swerling I
& III scan to scan fluctuations and Swerling II & IV pulse
to pulse fluctuations. The structure of the optimum
receiver for low signal to noise ratios is finally given in
Section 5 and its performances are analyzed in Section 6.
In the Conclusions (Section 6) possible suboptimum
solutions are presented through which processing
complexity may be streamlined.

2. Functional Model of the
Multistatic Radar

The structure of the multistatic system, from a
geometric viewpoint, is highlighted in Figure 1. It
includes a transmitter (TX) and N distinct receiving
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Fig. 1 Multistatic Radar Configuration

sensors (RX) which point towards a radar cell (dashed
line in the figure) placed at distance tj from the TX and
fj, i = l, 2, ... N, from the sensors to detect there the
presence of a possible target (TG). In the most generally
known form, the multistatic configuration is such that
the sensors are deployed within an area equivalent to the
area surveilled, so that one target is seen by each sensor
under different angles. Such structure is depected, in
functional form, in Figure 2. The channels represent all
the propagation effects in the path between TX-cell-RX.
The receiver takes on all the processing stages required to
be performed on the bulk of signals received to
determine the presence (or absence) of a target. The
solution of the synthesis problem, developed in the
following, will identify what processing must be
performed locally (i.e. at the sensors) and what has to be
performed centrally.

With reference to Fig. 2:

— s(t) is the transmitted pulse having energy £ and
repetition period r;

Fig. 2 Functional Scheme of the Multistatic Radar

— tn is the delay introduced by the nth channel;
— <Pnm, n = 1, 2, ... N, m = 1, 2, ... M, is the phase of

the mth pulse within the train at the nth sensor; these
variables are assumed to b? independent (from
channel to channel and from pulse to pulse) and
identically distributed (i.i.d.) and in particular
uniform over (0, 2TT);

— Anm, n = 1, 2, ... N, m = 1, 2, ... M is the
attenuation on the ml pulse on the nl channel; these
variables are always assumed to be independent of the
space index n, consistently with the assumption that
propagation mechanism over different paths are
independent. In terms of time index m, the statistic
characterization of the random variables An m

considered, is that corresponding to Swerling models,
namely:

Swerling I: Anm = An (scan to scan fluctuations)
having Rayleigh probability density (pdf);

Swerling II: Anm independent also of time index m
(pulse to pulse fluctuation) having Rayleigh pdf with
parameter function of the space index n;

Sweiiing III: as for Swerling I, but with one dominant
plus Rayleigh pdf;

Sweiiing IV: as for Swerling II but with one dominant
plus Rayleigh pdf;

— d2
n: result of local processing performed by the nth

sensor.

The optimum processing of signals received, according
to the Neyman-Pearson criteria, is equivalent to
performing a likelihood ratio test (LRT) of the type:
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M is the number of pulses integrated by each sensor;
nn (t), n= 1,2,... N, are interference signals present at
the input of the nth sensor simulated by additive,
white, gaussian, independent processes having
spectral power density (unilateral) N0 n ;
rn (t), n = 1, 2, ... N, is the signal at the input of the

nth sensor:

(1)

n = 1,2, . . . ,N

H0 : rn(t) = nn (t)

(2)

CENTRAL
PROCESSOR

PROC. # 2CHANNEL » 2

CHANNEL » 1 PROC. # 1

CHANNEL * 3 PROC. H N



where L is the global likelihood ratio (LR), which is a
sufficient statistic of the received data; i.e.

(3)

where r (n = 1, 2, ... N) is the vector representation in
any orthonormal base of the signal received by the nth

sensor. As a consequence of the independence of the
signals along the different paths, it is of immediate
verification that the global LR is factored in the product
of local LRs, i.e.:

(4)

where Ln = Ln (rn), n = 1, 2, ... N is functionally
dependent upon the statistical characteristics of rn, i.e.
on the signal fluctuation model. In the following sections
the four Swerling models LRT expressions are derived.

3. Scan-to-Scan Fluctuation
LRT Derivation

Here the conditioned average method is best suited.
This means that the LR Ln has to be derived from the
corresponding LR conditioned to the amplitude An, or
equivalently to the signal-to-noise ratio (SNR) Qn on the
nth channel:

Integral (9) cannot be calculated exactly, but may be
approximated, at least for low average Qn signal-to-noise
ratios along the lines of the following procedure. To start
with, as for the technique highlighted in |6, pag 3761 the
integral may be truncated, with a relative error smaller
than a at the percentile value xa of f (•). In fact, as all
factors in (10) are decreasing functions, we have

(H)

which is equivalent to saying that the relative error is
smaller than a. The second approximation step consists
of:

(12)

as can be obtained by truncating the Mc Laurin series
expansion of I0 (•) at the first term order and neglecting
the power of x compared to x. Replacing (12) in (9) we
have finally:

(13)

where we have set:

(14)(8)

where:

(7)

The conditioned LR obviously corresponds to the
case of noncoherent pulse train of known amplitude,
already analyzed in literature |6, pag. 3411 and is equal
to:

(6)

averaging according to suitable statistics. In particular,
conditioning to SNR, the required LR is obtained as:

(5)



In both the fluctuation models considered, ratio
bn/an is small when Qn is also small, so that consistently
with the hypothesis of low SNR§, we may set in (18),

or rather, more explicity:

(25)

where we have set, for the Swerling I (*) case:

(26)

where we have set, for the Swerling III:

(27)

(28)

4. Pulse to Pulse Fluctuation
LRT Derivation

The fluctuation models considered are the Swerling II
and Swerling IV; in both case the nth channel LR Ln can
be found in literature and is therefore the starting point
for the present derivation. In the case of Swerling II Ln is
given by 16, pag. 3941 :

(29)

where K is an unessential constant which is independent
of the data d is given by (14), and Wn can be written as:

(30)

Therefore calculating the global LR through (4), pas-
sing to logarithms and simplifying, LRT may be written

(*) While defining weights we have exploited, to the advantage
of symmetry, the possibility given of multiplying all weights by
a constant without affecting the test.

(15)

(16)

In terms of these coefficients, the global LR (4) may
be written as:

(17)

and therefore, using logarithms and incorporating
constant K into the threshold, we get to the test:

(18)

The expressions above are applicable to any scan
fluctuation model as no explicit hypothesis has been set
on An and therefore on Qn pdf. In Swerling I model, An

is of the Rayleigh type and therefore Qn (5) is of the
exponential type:

(19)

By replacing this f(.) in (15) and (16) we have:

(20)

(21)

In Swerling II model, An is of the one dominant plus
Rayleigh type and therefore Qn is of the gamma type. In
particular, by direct transformation of v.a. we have:

(22)

Again, replacing this in (15) and (16) we have:

(23)

(24)



in form (26). In the case of Swerling IV, the nth channel
LR is given by |6, pag. 4251.

(31)

where Kn is again an unessential constant, dn and rnm

are provided by (14) and (8) and:

(32)

Therefore, as in the case of Swerling II, we can derive
the following expression for LRT:

(33)

In the case of low SNRs, from formula (32) it result
that Wn < < 1, and therefore we may set log (1 + Wn

rnm) = r^m; through this approximation LRT takes form
(26). (*).

5. Structure of the Optimum Receiver

A most interesting result of the derivation above is
that LRT form is independent of the fluctuation model,
at least in the case of low SNRs. In fact LRT may in each
case be written in form (26) which here can be rewritten
as:

(34)

where the decision making variable D is a weighted sum
of data:

(35)

On the other side, the fluctuation model has an im-
pact in the determination of weights, as the optimum
weight functional dependence from the signal to noise ra-
tio is different from model to model, according to the
following table:

(*) It must be noted that also in the case of high SNRs (W
> > I)9 LRT (33) can be simplified into form (26) if term
log (1 + Wn r2

nm) can be neglected compared to
Wnr2nm

Tab. 1 — Optimum Weights for the different Swerling Models

In particular, it may be noted that in the scan to scan
fluctuation models, weights depend on length M, while
in pulse to pulse fluctuation models such dependance di-
sappears. In fact for a given amplitude pdf, scan to scan
fluctuation weights can be derived from the pulse to pul-
se ones by replacing Mgn to Qn.

Fig. 3 illustrates a possible implementation of the re-
ceiver by means of matched filters. The decision making
process may be split into two stages:

— local processing for evaluation of data dn obtained by
serial accumulation of data r ^ provided by the mat-
ched filters;

— central processing which consists of the weighted sum
of data and of the final decision.

In accordance with similar results of the diversity re-
ception theory, weights Wn are increasing functions of
the signal-to-noise ratio; therefore the weighting process
tends to privilege those channels in which noise is lower.
Further, weights Wn tend uniformely to 1 with increasing
signal to noise ratios, which leads to the conclusion that
weighting impact tends to become unessential when the
noise levels are uniformly low in the different channels.

It must be esplicitly pointed out here that for high
SNRs the approximations used previously in LRT deriva-
tion do not hold true; in particular the case of scan to
scan fluctuation, Fig. 3 structure is by no means opti-
mum. However, on the ground of results related to pulse
to pulse fluctuation models, for which the structure is
optimum, also for high SNRs, we may reasonably think
that the tendency to neglect the differences between
channels mentioned above holds true also for the opti-
mum processing.

6. Performance Evaluation

The decision making variable D (35) is in any case a
weighted sum of local statistics dn, which are derived
from a conventional radar processing chain. Their pro-
babilistic characterization is therefore already available
in literature 161. For the purpose of the present analysis,
it is worth representing such random variables in mgf
(moment generating function) terms since it is easy to ob-
tain variable D mgf starting from local statistics dn mgfs

SWERLING I SWERLING II SWERLING III SWERLING IV



since their independence is expected. On the basis of
mgfs G(jco I H.), i = 0,1, it is possible to obtain an attracti-
ve processing expression from the probability of false
alarm P f A and of detection PD 171:

(36)

(37)

Reference 171 also provides the expression of mgfs in
question.

Figg. 4 and 5 illustrate the dependance of P D on ̂ 1

with QV as parameter in the case of N = 2 sensors. In
particular Fig. 4 allows one to compare performances
with respect to Swerling model, while through Fig. 5 the
effect of time integration can be found for a particular
model (Swerling II). From both figures an appreciable
improvement with respect to monostatic or bistatic sy-
stems can be noted (as represented by the curves labeled
Q2 = -OO dB) .

It is also possible to note that the two receivers coope-
rate effectively only when the SNRs over the two paths
are approximately equal, otherwise performance is essen-
tially the same as that of the more reliable receiver, as if
it were a combination upon selection.

7. Conclusions

The receiving structure for multistatic radars has

been derived for the most common signal fluctuations
(Swerling). Assuming low SNRs over the channels, the
optimum structure is relatively simple and may be redu-
ced to the calculation of a decision making variable given
by the weighted sum of the results of local processing
(matched filtering and envelope detection). A feature of
the structure is its ruggedness compared to the fluctua-

Fig. 4 Multistatic Detection Performance for Different
Swerling Models of the Target

Fig. 3 Optimum Receiver for Swerling I, M, III, IV Fluctuation Models
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it is more important to make efficient use of the data
available, the structure proposed is really quite close to
the optimum. However, for Swerling II case, the structu-
re is optimum whichever the SNR and for Swerling IV
the structure is optimum both for low and high SNRs,
but is suboptimum for intermediate SNR values.

Leaving aside synchronization problems, the greater
complexity of such structure compared to the monostatic
one is due to:

— weight updating depending on expected SNRs,
therefore on radar cell explored;

— wideband processing results transmission.
Sub optimum receiving structures can be thought of, for
which the factors mentioned can be reduced in complexi-
ty. As an example, we may give up weighting data co-
ming from local sensors. This approach was followed by
Baumgarten | 8 | , who has also evaluated performance
degradation with respect to the optimum for one specific
case (N = 3, Swerling III). However a more efficient su-
boptimum solution, as it reduces both complexity fac-
tors, is that of taking N independent local decisions and
taking final decision centrally later, on the basis of bina-
ry data coming from local decisions. This is the approach
followed in 121, where it is shown that a simple OR of lo-
cal decisions is equal to the adoption of a Neyman Pear-
son criterium applied to available binary data. The ana-
lysis of performance carried out for a few cases (single
observations, multiple observations with pulse fluctua-
tion) has shown that performance degradation is relative-
ly small, in particular when there are large differences
between SNRs.

tion model; it comes from the adoption of some approxi-
mations, all the more accurate the lower the SNR values.
Therefore, in particular for the most critical cases where

Fig. 5 Multistatic Detection Performance for Swerling Il
Model
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